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Four classical exponents of approximation

Dirichlet (1842). Let { = (1,¢2,...,§,) € R". For each Q > 1,

a) there exist xi,...,x, € Z not all zero such that
X1 < Q@ and |x1& — x|, ..., |x1€n — Xn| < QY (1)
b) there exist yi,...,y, € Z not all zero such that
V2l ooyl < Q and |y + yoa + -+ yabn| < Q11

a) Define A\(§) = supremum of all A > 0 such that

|X1| < Q and |X1§2_X2|""7|X1§n_xn| < Q_A
has a nonzero solution (xi, ..., x,) € Z" for arbitrarily large Q.
3\(§) = same but for all sufficiently large values of Q.
b) Define 7(£) = supremum of all 7 > 0 such that

yal, - lyal £ @ and  |y1 +y2o 4+ yabal < Q77
has a nonzero solution (yi,...,y,) € Z" for arbitrarily large Q.
7(£) = same but for all sufficiently large values of Q.




Case of dimension n =3
Let 1,£2,&3 € R be linearly independent over Q. Put § = (1,£2,£3).

Dirichlet (1842): % <XN¢) and 2< 79
Khintchine (1926-28): — (g%)r S <O < T(§)2_ !
Jarnik (1938): \(¢) =1 - f(lg)

M. Laurent (2009): The set of all quadruples ()\(§),3\(§),T(§),7ﬁ(§)) is
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Geometry of numbers (Minkowski, 1889)

Let C be a (Minkowski) convex body in R", i.e. a compact convex
neighborhood C of 0, symmetric with respect to 0 (i.e. —C =C).

Theorem (Minkowski's first convex body theorem)
If vol(C) > 2", then CNZ" # 0.

Example:
o max{|yz|,..., yal} < Q
I yelat o yabal < QY

So, it contains a non-zero integer point (y1,. .., Yn)-

has volume 2"




Successive minima

Let C be a (Minkowski) convex body in R".

For j=1,...,n, the j-th minimum of C, denoted A;(C) is the smallest
A > 0 such that AC contains at least j linearly independent elements of Z".

o Ai(C) <--- < A(0)
o there exist x1,...,X, € Z", linearly independent, such that

x; € M(C)C (1<j<n)

Theorem (Minkowski's second convex body theorem)

% < M(C) - An(C)vol(C) < 2",




Schmidt and Summerer theory (2009, 2013)
Let u € R” with Euclidean norm |Ju]| = 1. Define
(@ =@ = {xe B Kl <1 kul < 5| (@2 )

Li(q) = log Ai(Cu(e?)) (¢ >0, 1<i<n)

Classical exponents of approximation can be expressed in terms of

. = liminf Liq) and p; ;= limsup Liq) i=1

i g—00 q g—00 q

ey .

Using their theory, they recover
@ Jarnik's and Khintchine's transference principles,
@ their refinements by Bugeaud, Laurent and Schmidt,

@ constraints by Laurent (2009) on the 4 main exponents when n = 3.



Basic properties of Lq,...,L,

c(Q) = {x eR"; [Ix]| <1, |x-u| < Qfl} . Li(q) =log A\j(C(e7))

1) |Li(q) < -~ < L(q)]

This yields a map Ly: [0,00) — A,
g — (L(q).---, Ln(q))

where A, ={(a1,...,a,) € R"; - < ap}.

2) vol(C(Q) = Q! = HA,-(C(Q))X

= ZL )=4q+0(1)

3) ‘Ll, ..., L, are continuous and monotone increasing




The trajectory of a point
C(Q)={xeR"; x| <1, |x-u <@}

For each x € Z" \ {0}, we define
0 A(x, Q) :=min{A>0; xe€ AXC(Q)} = max{|x|, Q|x - ul}

o L(x,q) := log A(x, %) = max {log |x]|, q + log - u[}

slope 1 L(x, q)

slope 0

log |||

0 —log|x - u|



The first minimum

L(x,q) = max{log x|, g + log [x - ul}

= Li(q) = min{L(x,q); x € Z"\ {0}} (g =0)

4
) is continuous and piecewise linear with slopes 0 and 1

Example: n =2, u=(3,2)/V13
L

3




Local maxima of L;

5) ’ Li(q) = La(q) at each g where L; changes slope from 1 to 0

Example: n =2, u=(3,2)/V13

L

(0,1)
3
2 L>(q (=1,2)




Compound convex bodies (Mahler, 1955)

o A¥R" can be made into an Euclidean space such that, for each
orthonormal basis {ei,...,e,} of R”, the set

{e,-l/\‘--/\e,-k;1§i1<---<ik§n}

is an orthonormal basis of AXR".
o Write R” = U L (u)g where U = u*,

/\kR” = /\kU 1L WK where Wk = /\kilU A ()R,

cM(Q) = {a e NB"; o]l < 1, Iprojye(a)] < @'},

1(q) = log Ai(Ct(en) (1<) < (Z))

e Up to O(1), the minima Lj(.k)(q) are a permutation of

L,-l(q)+-~+L,-k(q) (1§i1<---<ik§n).



Implications on the minima Lq,..., L,

In particular, we have:
o L$(q) = Lu(q) + - + Li(q) + O(1)
° Lgk)(CI) =Li(q)+ -+ Le—1(q) + Li+1(q) + O(1)

o = |139(q) - L(q) = Lisa(q) — Lilg) + O(1)| (0 < k < n)

On the other hand, since
(@) = {a e AR Jlall £ 1, [Iproj ()] < @'}

the function
° Lgk) is continuous and piecewise linear with slopes 0 and 1.

@ At each point g where it changes slope from 1 to 0, we have

19q) = 1{9(q) = Lia(q) = Le(q) + O(1)



(n,y)-systems

Definition. An (n,~)-system is a map P = (P1,...,Pp): [0,00) — R”

which satisfies the following conditions.

(S1) Pi(q) < Pjra(@) +v (1<j<n 0<q).

(52) Pi(q) < Pi(g2) +7v (1<j<n0<q <)

(S3) Forj=1,...,n, the function M; :== Py +---+ Pj: [0,00) = R is
continuous and piecewise linear with slopes 0 and 1.

(54) Ma(q) =q (0 <q).

(S5) If, for j € {1,...,n— 1}, the function M; changes slope from 1 to 0
at a point g > 0, then Pj1(q) < Pi(q) + 7.

(S3) and (S4) = P; and P, have slopes 0 and 1
P>,...,P,_1 have slopes —1, 0 and 1



The theorem of Schmidt and Summerer

Theorem (Schmidt-Summerer, 2013)

Let u € R" with ||u|| = 1. There exist v > 0 and an (n,y)-system
P: [0,00) — R" such that

IP(q) — Lu(q)|lcc <~ for each g > 0.

Proof. Define

0 if k=0,

M(q) =3 1(q) fo<k<n, and Pi(q) = Mi(q) — Mk_1(q).
q if k=n.



Ideal case

Definition. An (n,0)-system is a map P = (P1,...,Ps): [qo,00) — R”
which satisfies the following conditions.

) Pi(q) << Pu(q) (90 <4q)
P1,..., P, are continuous and piecewise linear with slopes 0 and 1

j:_P1+ -+ P;j has slopes 0 and 1 (1 < j < n)

(1
()

(3)

(4) |Ma(q) = P1(q) + ---+Pn(q)=q\ (g0 < ).

(5) If, for j € {1,...,n — 1}, the function M; changes slope from 1 to 0
at a point g > qo, then Pj11(q) = P;(q).

5

Let § > 0. We that P is a rigid system with mesh ¢ if, for g = qp and for
each g > qop at which at least one of the functions My, ..., M,_1 changes
slope from 0 to 1, the coordinates of P(q) form a strictly increasing
sequence of integer multiples of 4.




The combined graph of a rigid system
Let P=(P1,...,Pn): [qo,00) — R" be a rigid system with mesh §.

Denote by g1 < g2 < ... the points where at least one of the sums
M; = Py + - -- + P; changes slope from 0 to 1.

The combined graph of Py, ..., P, has the following shape:

Q
[

A
Q

By <4\> -— -4



Example (n = 5)

© o ’
322) ¢ Y‘ dg_s) :Y
(2) : ] d3




Canevas of mesh §

A rigid system of mesh ¢ is equivalent to the following data:
@ anelement s € {1,2,3,...} U {oo},
o for each index i with 0 </ < s, a pair of integers k; and ¢; with
1<k<¥t;<n and ki_1</t;ifi>1,
(1) ()

o for each index / with 0 </ <'s, a point (a;’,...,an’) whose
coordinates form a strictly increasing sequence of multiples of § with
i1 /_T i1 . A .
(agl ), ey ag('i_l), ey all )) = (ag'), .. .,ag), ce af,'))

gi=a"+..-+a (0<i<s)

i1
and connect each (g;_1, aJ(-'

)) with the appropriate (g;, ag,i)).




Approximation by rigid systems
A combinatorial argument shows:

Theorem A

Fix ,0 > 0, and let P: [0,00) — R" be an (n,~)-system. There exists a
rigid system P: [qo, 00) — R" such that

IP(q) — P(q)|loc < c1 for each q > qo,

where c; = c1(7, 9, n).

In view of the theorem of Schmidt and Summerer, this gives.

Corollary

Let u € R" with ||u|| = 1. For each 6 > 0 there exists a rigid system
P: [qo0,00) — R" with mesh 0 such that

IP(q) — Lu(q)||oc < 2 for each q > qo,

where ¢, = (0, n).




A first observation towards the inverse problem

Let P: [go,00) — R” be a rigid system with mesh where

e = 2"log(n) | Consider its associated sequences
(@Mocics, (kido<ics, (fi)o<ics and (gio<ics.

Theorem B
Suppose that there exists a unit vector u € R" such that

sup [|P(q) = Lu(q)l < e

q>qo
Then, for each i with 0 < | < s, there exist x( ) .. ( ) ¢ 71 such that
0 0L Iog]det(xg),...,xn )| < 2ne,
° (x:(li_l),...,@,...,xg_l)) = (xgi),...,)@,...,xg)) ifi>1,
@ above each q € [qi, gi+1), the trajectories ofx( ) .. xs,) are at

distance at most € from P(q).




lllustration (n = 5) X

-(3) (4)

' 5 175
(2) L (3) L (4) )
X5 Xy 4 0%
(2) .

- ;:/ .
Xg2) :v ‘ 3) i
qz2 q3 qs

(0 ) = 2 000

(9,7 ) = 400 50 59



Inverse problem

Theorem C

For each sufficiently large 6 > 0 and each rigid system P: [qo,00) — R/
with mesh 0§, there exists a unit vector u € R" such that

IP(q) — Lu(q)||cc < c3 for each q > qo,

where c3 = c3(n) > 0.

Proof: We need construct appropriate n-tuples (x(li), . 7xs,")) for the
given canevas but we don't know u. ..

We proceed recursively:

@ We choose each (xgi), ... ,xg,i)) to be a basis of Z",

@ making x(li), e ,x%), e ,xg,i) “almost orthogonal” of the right norms.

We take u to be the limit of the unit vectors perpendicular to the spaces
spanned by the latter (n — 1)-tuples.



Application to classical exponents of approximation

Corollary
Let n € N with n > 2. We have a bijection between the set of quadruples

(7(©), 79, X&), X©))

where & runs through all points { = (1,&2,...,&,) € R" with Q-linearly
independent coordinates and the set of quadruples

P P P, ,,
<Iiminf 1(q)7 lim sup l(q), lim inf (q)’ I (q))
930 g ' gueo g | 9% G guo G

where P = (P4, ..., P,) runs through all rigid systems with mesh 1 and
limg—oo P1(q) = co. This map is given by

. 1 1 b\ A
2 %A § .
{050 = <T+1’%+1’>\+1’A+1>




Basic pattern for a rigid system in dimension n = 3

The knowledge of P, determines the whole map P : [go, 00) — R3,



Example: Jarnik’s transference principle

We have 0 < P1(q)/q < 1. So the ratio P1(q)/q
o decreases when the slope of P; is 0 and increases when it is 1,
@ has a local max. at f, f,...,a where P; changes slope from 1 to 0
@ achieves its maximum on [a, '] at a or at a'.

Similarly P3(q)/q achieves its minimum on [b, b'] at b or at b'.



Jarnik’s transference principle (continued)

a:2P1( )+P3(b)
— b = P1(a) + 2P3(b)
P1(a) b—a= P;(b) — Pi(a)

2a—b 2b—a>
3 7 3
2—3Pl(a)> <2—3P3£b)>:1

a

(
= (2—3Iimsup Pl‘ga)> <2—3Iiminf P3£b)> =1
(

2—A3 > 2—& -1 — X:l—i.
74+1 A1 T




Thank you!



